THE KING’S SCHOOL

2008
Higher School Certificate

Trial Examination

Mathematics Extension 2

General Instructions Total marks — 120
e Reading time — 5 minutes o Attempt Questions 1-8
¢ Working time — 3 hours . All questions are of equal value

o Write using black or blue pen
e Board-approved calculators may be used

e Atable of standard integrals is provided at
the back of this paper

e All necessary working should be shown in
every question

e Answer each question in a separate booklet
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Total marks — 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (15 marks) Use a SEPARATE writing booklet. Marks

(a) Find J tan’x dx 2
. X

(b) Find j m dx 2

(c) (i) Let F(x) beaprimitive function of f{x). Hence, or otherwise, show that

f fix)dx = f fla—x) dx 1
0 0
T T
(i) Show that J x sinx dx = % j sinx dx 2
0 0
T
(111) Use integration by parts to evaluate J X cosx dx 3
0
) () Find J di_ 1
2t + 1) +1
(1) Use the substitution ¢ = tan% to show that
3
[t = 4
2sin® — cosb + 3 2

0

End of Question 1
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Question 2 (15 marks) Use a SEPARATE writing booklet. Marks
(a) (i) Find |7 + 433 i 1
(i) x + iy = J_ 33 i
3 -1
Find the value of x~ + y 2
(b) Precisely show on the Argand diagram the locus of the complex numbers z such that
|z —i] = land|z| < 1 hold simultaneously. 3
(c) Let z=1-cos20 + isin20,0 < O < %
(1) Show that z = 2sin0 (sin® + icosO) 2
(i) Hence find |z| and argz 2
(d)
§
A
o
o
The diagram shows the equilateral triangle OAB in the complex plane.
O is the origin and points A, B represent the complex numbers o, 3, respectively.
Let v = cosg + isin%
. . _’
(1)  Write down the complex number BA 1
(i) Show that a = v(a — B) 2
2 2
(ii1)) Provethat o + B~ = af 2

End of Question 2

Y12 THSC Maths Ext 2 0808
Page 4 of 16



Question 3 (15 marks) Use a SEPARATE writing booklet. Marks

a or the erbola + — x = 1, prove that =
(a) Forthe hyperbola (y+1)° — x> = 1, prove th 9ﬁ§ L 4
dx y+1)
(b) Let P(x) = X — 24x" + B, where A # 0
P(x) = 0 hastheroots o, B, yanda + B + 7y
(i) Deducethat B = A 3
. P 2 2 2
(i) Find, in simplest form, o~ + B~ + vy 3
(c) Let (1 + x)2008 =y t+ u + ...t ut oue, T T Uy, x>0
(i) Show that Y1 = 2009k 2
U k
(1) The middle term in the expansion of (1 + x)2008 is the greatest term.
Deduce that 1004 < < 1005 3

1005 "~ 1004

End of Question 3
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Question 4 (15 marks) Use a SEPARATE writing booklet. Marks

2 2
(@) (1) Sketch the hyperbola xz — % = 1 showing its foci, directrices and asymptotes. 4

(i) A particular solid has as its base the region bounded by the hyperbola
2 2

X _)Y - ; =
) S 1 and the line x 4.

Cross-sections perpendicular to this base and the x axis are equilateral
triangles.

Find the volume of this solid. 4

(b) A particle moves on the x axis according to the acceleration equation of motion ¥ = x.
Initially the particle is at the origin with velocity v = 2.

(1)  Explain why the velocity will always increase. 1

(1)) By integration, prove that v = X+ 4 2

(iii) By using the table of standard integrals, or otherwise, find the displacement x
as a function of time ¢. 4

End of Question 4
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Question 5 (15 marks) Use a SEPARATE writing booklet. Marks

(a)

Two pieces of light inextensible string AC of length 6 metres and BC of length
4 metres are attached at two points A and B, respectively. B is 4 metres vertically
below A.

At C amass of 4 kg is attached to the strings and this mass rotates in uniform circular
motion of 3 rad/s about a point O which is vertically below B. Take 10 m/s’ as the
acceleration due to gravity.

Let the tensions in the strings AC and BC be 7, Newtons and 7, Newtons,
respectively, and let £ BAC= 0

(i) Show that cos @ = % 1
(i) Be resolving forces at C in the vertical direction, show that 67, + 7, = 320 3
(ii1) Find the tensions in the strings. 3

Question 5 continues on the next page
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Marks

Question 5 (continued)

W|—

&
(b) (i) Show that J w2 X dv =
1

. e : 2 2 :
(i) By considering the circle x* + y = 2, or otherwise, show that

N > {
J2 - =T _1
Jl x dx 17

(i)

1, 1)

(1, -1

The minor segment of the circle x* + 3° = 2 bounded by the chord x = 1 is

revolved about that chord.

Use the method of cylindrical shells to find the volume of the solid generated.

End of Question 5
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Question 6 (15 marks) Use a SEPARATE writing booklet. Marks

(a)

A particle of mass m is projected vertically upwards with speed ¥ in a medium where

. . 22 . . . .
there is a resistance mgk v when v is its speed. g is the acceleration due to gravity
and £k is a positive constant.

Takex=0and v=Vwhent=0

The particle reaches a maximum height X when the time is 7.

(i)  Show that the equation of motion is given by ¥ = —g(1 + kzvz) 1

(i) Showthat X = ——In(1 + &1 4
2gk

(iii) Show that T = giktan‘1 (k) 3

(iv) If the only force acting on the particle is due to gravity the equations of motion are:

X=-g
xX= —g +V
2
X = - gr 4 Vt
2
[DO NOT SHOW THESE]
In(1+K7
Deduce that klimo ﬂz—l =y 2
- k

Question 6 continues next page
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Question 6 (continued) Marks

(b) (i) Usetheresults z + z = 2Re(2) and|z|2 = zz for complex numbers z to
show that |a|” + [B]° — |a — B° = 2Re(af) 3

(i)

The diagram shows the angle 0 between the complex numbers o and f3.

Prove that |a| | B |cos® = Re(ocE) 2

End of Question 6
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Question 7 (15 marks) Use a SEPARATE writing booklet. Marks
(a) y
<0
b
—a O N a X
-b
—da
2 2 2 2 2
The diagram shows the circle x~ + y~ = a  and the ellipse x_2 +L =1, a>b>0
a b
P(acosO, bsinB), 0 # — g, % , 1s a point on the ellipse. PN is perpendicular to
the x axis at N and meets the circle at Q in the same quadrant.
O is the origin.
(1)  Write down the coordinates of Q. 1
(i)  Show that the equation of the tangent at P(a cos6, b sinf) on the ellipse is
cosf sinf
COSY . 4 SIY, 2
a b
(ii1)) Hence, or otherwise, find the equation of the tangent at the point Q on the
circle. 1
(iv) The tangents at P and Q meet at 7. Prove that ON.OT = a. 2

Question 7 continues on the next page
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Question 7 (continued)

Marks

[SIE]

(b) Let u,

J cos' 0d0, n=0,1,2, ...
0

(1) Explainwhy u, < u, , < u,_,

(i) Prove that u, = 2 —1

Uy,_r, N 2,3, 4,..

(iii) Deduce that lim u, =

Iim wu, ,
n — o

1
n — ©

(iv) Use (i) to show that nu, u, |, =

[SIE]

(v) Given that f cos' 0do = % ,

(=)

[SIE]

evaluate f coleBdG 1
0

[SIE]

(vi) Find an approximate value of f cos” " 0 do 1
0

End of Question 7
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Question 8 (15 marks) Use a SEPARATE writing booklet.

Marks
Ctaxtb)xte) _ o _p L _qg L _t
(@)  Let (x—a)(x —b)(x—c) =k x—-a x—-b x-c
(i) Explainwhy £ =1 1
. _ 2a(a+b)a+c) - .

(1) Show that p @—ba—0 and write down expressions for ¢ and ¢. 3

(iii) Hence, or otherwise, prove that
(@atb)ate) . _2b(bt+tc) . _2c(ctd) _ 1 2
(a=b)(a-c) (b—a)(b-rc) (c—a)(c—b)

Question 8 continues on the next page
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Question 8 (continued) Marks

(b) Therootsof x + x + 2 +3x + 1 =10 area, B, y, &

(1)  Find a polynomial with the roots

2

= |—
<L |
O |—

1
o
(1) Hence, or otherwise, show that
) R L) A R (R R !
o B Y 0

111) Explain why the equation x4 + 4x3 + sz + Bx + C = 0 forsome 4, B, C
p y q

has the roots o + l, B+ l, Y + 1,8 + 1 1

o B Y )
(iv) Hence state the eight roots of the equation
4 3 2
(x+l)+4(x+l)+A(x+l)+3(x+l)+c=0 1
X

X X X

(v)  Use the equation in (iii) to state the four roots of the equation

Cx' + BX + A +4x + 1 =0 !
(vi) By multiplying both sides by X , the equation in (iv) could be expressed as
D)+ a P+ AP+ B+ + O =0
[DO NOT SHOW THIS]
Hence, by using the polynomial found in (i) and another suitable equation,
prove that B = 0. 2
. 1! 1! 1! 1) -1
(vil) Evaluate (oc + —) + ([3 + —j + (y + —) + (8 + —j 1
o B Y )

End of Examination Paper
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Standard Integrals

X" dx = 1 xnﬂ, n#-1;, x# 0,ifn <20
n+1

—dx = In,, x>0

=

ax 1 eax 0

1 .
cos ax dx = —sinax, a # 0

sin ax dx = —=cosax, a # 0

2 1
sec ax dx = tanax, a# 0

sec ax tan ax dx =

N

1 1. 1x
Jﬁdx _ tan , a#0
a + x

f e - o
Jﬁx - a
a — X

1
Jﬁdx = ln(x+ xz—azj,x>a>0
\/x—a
1
e o VTR
x + a

Note: Inx = log.x, x > 0
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Question (Marks)  Numbers Functions Integration Conics Mechanics

1 (15) | 15

2 (15) 15

3 (15) 15

4 (15) (a)() 4 (a)(i) 4 (b) 7
5 (15) (b) 8 (a) 7
6 15 ) 5 @ 10
7 (15) (b) 9 6

8 (15) 15

Total (120) 20 30 36 10 24
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